Information about an unknown quantum state can be encoded in weak values of projectors belonging to a complete eigenbasis. We present a protocol that enables one party -Bob -to remotely determine the weak values corresponding to weak measurements performed by another spatially separated party -Alice. The particular set of weak values contains complete information of the quantum state encoded on Alice's register, which enacts the role of the preselected system state in the aforementioned weak measurement. Consequently, Bob can determine the quantum state from these weak values, which can also be termed as remote state determination or remote state tomography. A combination of non-product bipartite resource state shared between the two parties and classical communication between them is necessary to bring this statistical scheme to fruition. Significantly, the information transfer of a pure quantum state of any known dimensions can be effected even with a resource state of low dimensionality and purity with a single measurement setting at Bob's end.
Information about an unknown quantum state can be encoded in weak values of projectors belonging to a complete eigenbasis. We present a protocol that enables one party -Bob -to remotely determine the weak values corresponding to weak measurements performed by another spatially separated party -Alice. The particular set of weak values contains complete information of the quantum state encoded on Alice's register, which enacts the role of the preselected system state in the aforementioned weak measurement. Consequently, Bob can determine the quantum state from these weak values, which can also be termed as remote state determination or remote state tomography. A combination of non-product bipartite resource state shared between the two parties and classical communication between them is necessary to bring this statistical scheme to fruition. Significantly, the information transfer of a pure quantum state of any known dimensions can be effected even with a resource state of low dimensionality and purity with a single measurement setting at Bob's end.
Motivation.-Quantum teleportation [1] is one of the most outstanding discoveries consequent to quantum entanglement [2, 3] . One party can send an unknown quantum state to another spatially separated party using a pure entangled shared resource state supplemented by classical communication and specific local operations on both parts. The method, which was theoretically restricted to qudit states (d-level quantum systems) and pure bipartite qudit resources, has since been extended to teleport continuous variable quantum states [4] [5] [6] [7] [8] [9] as well as to teleport from continuous to discrete variable quantum registers [10] . These extensions and experimental implementations are conditional upon the dimensionality and purity of the entangled resource state. Teleportation using mixed entangled resource states has been studied with varying degrees of efficiency, quantified either by the number of classical bits to be communicated or the fidelity with which the quantum state is transferred [11] [12] [13] [14] [15] [16] . Thus, perfect teleportation of a given quantum state defined in a continuous or discrete Hilbert space of more than two dimensions imposes constraining requirements on the dimensionality, purity and the extent of entanglement in the shared resource state. Although teleportation suffices to transfer the quantum state, it can only be processed further by a quantum computer: a classical observer has no access to the information contained in it and an ordinary computer cannot process it. This has been called the output problem in the literature [17] . To enable the latter, state tomography [18, 19] is necessary on a large number of perfectly teleported copies. This, in itself, is a challenge because the number of measurements for specific sets of observables to determine the respective probabilities and phases scales exponentially with the dimensionality of the state at hand.
Weak values proposed in Aharonov, Albert and Vaidman's seminal paper [20] are complex entities which appear as a shift in the expectation value of a pointer observable when a weak von Neumann interaction between the system and pointer states is followed by post selection on the system state [21, 22] . Although weak measurements were initially introduced in the context of continuous variable Gaussian pointer states, the paradigm has since been theoretically and experimentally established for qubit pointer states [23] [24] [25] , entangled pointer states [26, 27] and most generally to arbitrary pointer states [28, 29] . The concept of weak values and measurement has led to the development of ingenious methods for the direct determination of a quantum wave-function and density matrix of mixed states followed by their experimental demonstration [30] [31] [32] [33] . These schemes enable the state of the quantum system being probed appear directly as a shift in the expectation value of the pointer observable in terms of the weak values. For a continuous variable pure state expressed as a quantum wavefunction ψ(x), the wave-function at a particular position is equal to the weak value of position observable |x 0 x 0 | obtained after post-selection on a zero momentum eigenstate [30] . Measuring a number of these weak values for several position eigenkets is thus enough to faithfully approximate the wave-function. A discrete variable pure state defined on a d-dimensional Hilbert space can be expressed in terms of vectors of a d-element orthonormal basis set: |ψ = Σ d−1 k=0 a k |ψ |a k . Given such a set, it is possible to find another basis set which is mutually unbiased with respect to the former and has an element |b 0 which is a discrete analogue (|+ state corresponding to the d-dimensional Hadamard transform of |0 ) of the zero momentum eigenstate in the continuous basis. This element satisfies b 0 |a k = 1/ √ d ∀ k. Thus, one can write:
whereΠ k is the projector corresponding to |a k . The state can be rewritten in terms of these weak values:
Here we effectively combine broad characteristics of the above two seemingly distinct quantum information theoretic schemes and devise a non-local scenario of weak measurement to accomplish remote state determination (RSD). This is a powerful alternative for transferring the information of an unknown pure quantum state of any known dimensionality from one party to another spatially separated party with any non-product resource state thereby providing a simultaneous resolution to the threefold issues of resource dimensionality, purity and its extent of entanglement. We begin with a mathematical description of our protocol which enables the remote determination of a single weak value. Then we delineate the physical entities that need to be pre-decided, the classical communication requirements and the necessary and sufficient conditions to facilitate the complete information transfer of any pure state. This is followed by a representative example, remarks on noise and error analysis, and an outlook of this work.
Protocol.-Alice and Bob share a bipartite nonproduct pure or mixed quantum state, ρ AB , which enacts the role of the resource. Alice has an system register on which the state ρ I , unknown to her, is encoded. As explained before, the state's probability amplitudes can be expressed as a set of weak values (Π k I ) w where index k corresponds to one of the projectors belonging to its complete basis. In a single round of experimental runs, we seek to transfer one of these weak values. From hereon, we shall drop the index k. Alice begins by performing a weak interaction between her part (A) of the shared state and system (I) by letting them jointly evolve under the unitaryÛ = e igΠ I ⊗Â [34] . The total state after the weak interaction, characterized by expanding the coupling unitary up to the first order is
, where ρ tw is the total (t) post weak-interaction (w) state.
We first describe the procedure with which Bob obtains imaginary part of the concerned weak value. To this end, Alice must perform a projective post-selection on ρ I using the projector |b 0 b 0 | ≡π 
Here, we have used the definition of the complex weak value corresponding to the weak measurement performed by Alice between her part A of the shared state and the system I on which the state whose information is to be transferred is encoded:
. It can be decomposed into its real and imaginary components: (Π I ) w = Re(Π I ) w + i Im(Π I ) w . When Bob measures the expectation value of an observableB with respect to the normalized version of the above state [see Der. (3) and (4) in [35] ], it allows us to write the imaginary part of the weak value as
B Im f denotes the expectation value obtained by Bob on measuring his observable in this (first) set of experimental runs. ρ in B denotes Bob's initial reduced state. At this point, the expectation value with Bob has no information about the real part of (Π I ) w . Once he obtains the imaginary part of the weak value from the first set of experimental runs, Alice and Bob will proceed to the scheme for obtaining the real part.
In the 2 nd set of experimental runs, Alice changes the post-selection process. In addition to post-selecting on ρ I , she also post-selects on part A of the shared state ρ AB using the projectorπ 
Here, we have defined the complex entity (Â) w to be the weak-partial-value. "Partial" because while the quantum state (density matrix ρ AB ) appearing in it is bipartite and the trace operation is performed over the entire Hilbert space, the system measurement observableÂ and the post-selection projector π l A both act only on part A of ρ AB . Thus, we have (Â) w
Bob will now measure expectation value of the observableB with respect to the above state (after normalization) using the complex decomposition of the weak-partial-value: [35] ]. Note that the expectation value B Re f in the second set of runs would be different from the first set. Since we already know the imaginary part of the weak value from the first set of runs, the real part can be obtained from the second set of runs:
Here, [x, y] and {x, y} denote the commutator and the anticommutator respectively. Pre-decided entities.-In order to obtain the full weak value using expressions 3 and 5, Bob must know the shared state ρ AB , the weak interaction observableÂ, the projectorπ l A used by Alice for the post-selection and the interaction strength g. To allow Bob obtain the full quantum state, they must have also pre-decided the mutually unbiased bases corresponding to the observables involved in the weak interaction and the post-selection. The sequence in which projectors from these basis sets will be used for the weak measurement must be fixed so as to ensure that Bob knows what projector corresponds to the weak value he obtained in a given round of the protocol. Also, they must know the dimensionality of the unknown quantum state so that basis sets with appropriate number of elements can be chosen. Upon obtaining all the weak values and normalizing, Bob can find the overall factor √ d b 0 |ψ to express the full quantum state (ignoring the overall phase).
Classical information transfer.-Akin to quantum teleportation, here too communication from Alice to Bob via classical channel(s) aids the remote determination of the weak value (see Figure 1) . On receiving the appropriate message, Bob measures the value of observableB with respect to his state. After sufficiently many such measurements, the recorded statistics will give him the expectation value ofB. The total number of classical bits communicated from Alice to Bob is given by the sum of bits communicated during the first and second sets of experimental runs corresponding to the real (C Rk ) and imaginary (C Ik ) parts of each weak value respectively. Thus, we have
where N is the number of shared copies of the resource in a single set of experimental runs (total number is 2N d), d is the dimensionality of the unknown quantum state, k indexes the weak interaction of the k th projector and the two entities appearing in the parentheses are probabilities of successful post-selection for the 1 st and 2 nd set of runs of the protocol respectively. These probabilities are determined by the overlap between the total state after weak interaction and the total state after post-selection. If a continuous variable state is to be transferred, the sum would be over several position eigenkets (or another continuous variable observable) whose weak values are to be remotely measured by Bob to know the full state. We note that if Alice can choose the mutually unbiased bases such that all the weak values of projectors in which information about the quantum state is encoded are purely imaginary, the second set of experiments would not be necessary. This can happen provided Alice has sufficient information about the quantum state beforehand. Therefore, there is a trade off between complexity of the protocol and the predetermined knowledge of the quantum state whose information is to be transferred.
Necessary and sufficient conditions.-We prove by contradiction that non-product nature of the shared resource state is a necessary condition for RSD to work. Let us assume that ρ AB = ρ A ⊗ ρ B . Substituting this product form in the expressions of Bob's state for sets of experimental runs corresponding to the real as well as the imaginary parts, it is found that ρ Example.-We demonstrate RSD using the Belldiagonal state in H 2 ⊗ H 2 as the shared resource: Noise, error and experimental implementation.-Statistical error in determining the state |ψ I on Bob's side originates from his measurement of the expected value of B and propagates [36] ≡ A and the denominator with X Ik , we get
Thus,
Likewise, in Eq. 5, replacing Re(Π k I ) w ≡ W Rk , B Re f ≡ B Rk , the other constant elements in the numerator and the denominator as Y 1Rk , Y 2Rk , Y 3Rk and Y 4Rk respectively, and using Eq. , we get
Thus, the error is,
From the above, we see that the errors in determining the respective weak values and in effect, the coefficients characterizing the state scale as ∼ 1/ √ C and therefore as ∼ 1/ Tr(ρ 2 AB ) [see Der. (14) in [35] ]. It is known that sharing a resource state over a noisy quantum channel decreases its purity. A tractable example to demonstrate this would be the Werner state, with a singlet content quantified by z ∈ [0, 1], and a non-product nature for the full range of z encompassing the regimes of discord and entanglement:
Its purity is given by (1/4)(1+3z 2 ). Upon sending this state through a decoherent optical fibre [37, 38] , it changes to The purity now becomes (1/4)[1+(1+2e
−8∆φ
2 )z 2 ] clearly indicating Tr ρ 2 w < Tr ρ 2 w . Suppose the accepted error threshold for a faithful run of the protocol demands N copies of the Werner state shared via noiseless channels. To obtain the same efficiency when the resources are shared over noisy channels, one would have to increase the number of copies shared to N given by
This would also allow to switch between fibers with different noise profiles or different lengths without compromising the faithfulness of the protocol. For example, typical range of ∆φ corresponding to telecommunicationwavelength for an optical fiber of 500 meters is 190-250 radians [37, 38] . Comparing the case where there is no noise (N shared copies) to the case where ∆φ = 200rad (N shared copies) for a state characterized by z = 0.4 would give us N = 1.27586N . Thus, irrespective of the amount of noise in the channel, faithfulness of the protocol would not be compromised provided enough number of noisy but non-product resource states are shared by the two parties. It may also be noted that the protocol would continue to work even if z < 1/3, when the Werner state is solely discordant [39, 40] . Here the sole focus was on the error due to noise in the channel reflected statistically through the entity B Re/Im f . A full reconstruction of the state possible either through real [32] or simulated experiments [41] would allow a comparison between the state determined by Bob and the state that was intended to be transferred using a metric such as fidelity or trace distance. This would also account for the error pertaining to imperfectly restricting the coupling interaction strength to the first order due to the weak approximation.
Due to the flexibility in choice of the resource state with regard to dimensionality as well as purity, the protocol can, in principle, be implemented in all architectures [8, 10, 42, 43 ] that admit at least one kind of non-product resources -whether shared Bell pairs, Laguerre Gauss (LG)-mode pointer states with non-zero orbital angular momentum (OAM), or entangled multimode Gaussian states, among others. This also opens the tantalizing possibility of implementing the protocol by constructing quantum communication networks involving more than two parties [7, 8, [44] [45] [46] , even when it is difficult to maintain a high degree of multipartite entanglement.
Conclusion and outlook.-In essence, we have developed a method to transfer information of an unknown quantum state of any known dimensions, encompassing continuous variable states, from one party to another spatially separated party using a non-product bipartite quantum state of any dimensionality as a resource. The fundamental principle underlying RSD as well as other quantum communication protocols like teleportation [1] and remote state preparation (RSP ) [47] [48] [49] is the creation of transitive correlation between parts I and B due to the von Neumann interaction [34] and the subsequent entanglement caused between I and A and the correlation (encompassing non-product nature of all states in our case) which is already present between A and B. In case of teleportation, the von Neumann interaction is strong and translates to the C-NOT gate for qubit registers [50] . For RSP, the strong interaction translates to a C-U gate (controlled unitary [50] ), where the rotation U is determined by Alice's knowledge of the quantum state which is to be prepared at Bob's end. The transitive correlation facilitates information sharing between spatially separated parts. In this protocol, we operationally exploit all correlations manifested in any nonproduct state [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] using local operations and classical communication. In light of this, it has become imperative to establish robust non-locality criteria [51-53, 55, 61-64] which encompass such wide class of correlations.
On the lines similar to Maccone and Rusconi [41] , one may be able to perform an analysis comparing this protocol to its conventional analogue: teleportation followed by state tomography. Such an analysis, of course, would be possible only if a given resource state can be used to teleport the state of interest. For the many state-resource pairs where this is not possible, the protocol may serve as an alternative method for quantum state transfer provided a reliable state preparation mechanism is in place at the receiver's end. While the protocol is trivially secure against attack by a classical eavesdropper (assuming he even knows the basis), it would be interesting to investigate security against an attack by a quantum eavesdropper as done for teleportation [65] .
In addition to quantum information transfer, remote determination of a single weak value in itself is useful in that all of the characteristics of the weak value and the weak measurement are now available to be explored remotely. These include parameter estimation via weak value amplification [66] , resolution of quantum paradoxes etc. [see Dressel et. al. [67] for an instructive review]. During the development of the protocol, we introduced an entity called the weak-partial-value, where the interaction and post-selection is performed only on a part of a non-product state. It can be generalized to an entire class wherein Hilbert space selective weak interaction(s) and post-selection(s) are performed. Such quantities might indeed arise when the protocol is extended to enable communication between more than two parties. It is therefore worthwhile investigating the properties, their implications, and the operational significance of the weak-partial-value. The protocol could be extended to enable information transfer of mixed states if one is able to remotely determine the joint weak values and use these to express the joint weak averages which constitute all elements of the density matrix [31] . Although it is difficult to achieve this for a general pointer state, it could be possible with the non-product tripartite version of specific pointers like the separable(on one part) Gaussian [68] or the LG-mode pointer states [69] with non-zero OAM.
1. Bob's unnormalized state corresponding to the measurement of the imaginary part of the weak value:
2. Normalizing the above state: Cyclic property of the trace allows us to write Tr
Thus, we can write
Further, using Tr ρ in B = 1:
In line with the weak approximation, one can bring the denominator to the numerator and Taylor expand up to the first order in g:
3. Bob's expectation value:
4. Bob's expectation value:
where [x, y] and {x, y} denote the commutator and the anticommutator respectively.
Algebraic details: necessary and sufficient conditions
1. Non-product nature as a necessary condition for the first set: Substituting ρ AB = ρ A ⊗ ρ B in Eq. 2, we have:
2. Non-product nature as a necessary condition for the second set: For the second set of experimental runs, substituting the product form in Eq. 7, we have:
Like in the case of the first set of experiments, here too, Bob's state contains no signature of the weak measurement performed by Alice if ρ AB is a product state. Thus, it is proven by contradiction that non-product form of the resource state is a necessary condition for this protocol to work.
Algebraic details: Bell-diagonal state as resource 1. Imaginary part:
Here, Im represents expectation value obtained in the set of experiments which correspond to obtaining the imaginary part of the weak value.
2. Real part:
Here too, Re represents expectation value obtained in the set of experiments which correspond to obtaining the real part of the weak value.
3. Number of classical bits to be communicated:
The total state after weak interaction is ρ twk = U ρ I ⊗ ρ AB U 
SubstitutingÂ =n. σ andπ 
As expected, in the second set of experimental runs, post-selection succeeds exactly half the number of the times it does in the first set. We also see that the success probability is unlikely to go to zero for any state of interest that is to be transferred, since the solution space for d−1 k=0 a k = 0 is negligible compared to rest of the possibilities.
